Considerable interest has been devoted to the development of various classes of acoustic metamaterials that can control the propagation of acoustical wave energy throughout fluid domains. However, all the currently exerted efforts are focused on studying passive metamaterials with fixed material properties. In this paper, the emphasis is placed on the development of a class of composite one-dimensional acoustic metamaterials with effective densities that are programmed to adapt to any prescribed pattern along the metamaterial. The proposed acoustic metamaterial is composed of a periodic arrangement of cell structures, in which each cell consists of a circular sector cavity bounded by actively controlled flexible panels to provide the capability for manipulating the overall effective dynamic density. The theoretical analysis of this class of multilayered composite active acoustic metamaterials (CAAMM) is presented and the theoretical predictions are determined for a cascading array of fluid cavities coupled to flexible piezoelectric active boundaries forming the metamaterial domain with programmable dynamic density. The stiffness of the piezoelectric boundaries is electrically manipulated to control the overall density of the individual cells utilizing the strong coupling with the fluid domain and using direct acoustic pressure feedback. The interaction between the neighboring cells of the composite metamaterial is modeled using a lumped-parameter approach. Numerical examples are presented to demonstrate the performance characteristics of the proposed CAAMM and its potential for generating prescribed spatial and spectral patterns of density variation.
I. INTRODUCTION
Metamaterials, either acoustic or electromagnetic, have recently attracted the focus of many researchers as a new technique for achieving wave propagation patterns, which are impossible to realize using regular composite materials. [1] [2] [3] Developing acoustic or electromagnetic metamaterials is physically analogous to engineering periodic material structure using the inclusions of small inhomogeneities to enact effective macroscopic behavior. 4 Acoustic metamaterials are therefore considered as those material structures, rather than compositions, that are designed and artificially fabricated to control, guide, and manipulate sound in the form of sonic, infrasonic, or ultrasonic waves, as these might occur in gases, liquids, and solids. The hereditary line into acoustic metamaterials follows from the theory and research in electromagnetic metamaterials as first developed by Pendry 5 who has proven that using negative refractive index would result in a perfect lens. In 2006, Pendry et al. 6 were the first to present the transformation-based solutions to the Maxwell's equations, which have proven to yield a general method for rendering arbitrarily sized and shaped objects electromagnetically invisible. This was based on the invariance of the Maxwell's equations under coordinate transformation. 7, 8 Further, with acoustic metamaterials, sonic waves can now be extended to the negative refraction domain 9 .
Control of various forms of sonic waves mostly requires controlling of the bulk modulus B and the density q, which are counterparts to the electromagnetic permittivity and permeability. The speed of sound, on the other hand, being totally dependent on B and q, is analogous to the refractive index in electromagnetic domain. It is therefore due to the analogy to the wave equation in electromagnetic, researchers have developed the theoretical foundation of acoustic metamaterials, 10, 11 where their focus was directed toward various wave propagation control applications with special interest in acoustic cloaking rendering objects acoustically invisible.
Several attempts to theoretically and physically control the bulk modulus and density of different material compositions and structures have been reported, aiming eventually at controlling the acoustic wave propagation. On the path to control the bulk modulus, two approaches have been reported in literature; the first was by combining two different isotropic materials in a composite pattern to yield anisotropic properties that can influence the spatial wave propagation patterns. [12] [13] [14] In the second mechanism, acoustic impedance mismatch is introduced along the path of wave propagation by integrating flexible sections into the rigidwalled waveguides in order to vary the speed of sound and effective bulk modulus at these sections. [15] [16] [17] Manipulation of the material density, on the other hand, has also been reported using two different approaches; the first was by combining two different materials with different densities in a specific spatial arrangement that would yield a homogenized value of the density all over the domain. Such an approach was adopted by [18] [19] [20] using phononic crystals. In the second approach, the concept of dynamic density, which depends on the neighboring material stiffness, was implemented. This approach was manifested in the attempts of synthesizing prescribed dynamic acoustic densities in fluid domains by introducing lattice systems of mass-inmass units. [21] [22] [23] [24] These attempts merely focused on introducing negative effective density motivated by the mathematical analogy between acoustic and electromagnetic waves, where the theoretical possibility of having negative electromagnetic permittivity and permeability was introduced by Pendry. 5 In all these studies the focus has been placed on passive metamaterials with fixed material properties, which has considerably limited the applicability of this new generation of structured metamaterials in wave propagation control due to the narrow operating bandwidth in the vicinity of the internal cell structure resonances. Very few researchers have tackled the idea of having programmable material properties (bulk modulus and/or density). Baz 25, 26 studied the concept of theoretically realizing programmable density using a periodic structure that contains actively controlled piezoelectric elements coupled with fluid domain to control the effective dynamic density in the composite structure. Akl and Baz 27 have also applied the same concept in controlling the effective bulk modulus of the composite domain. In their development, the authors have, however, limited their model to straight one-dimensional structures. In this paper, the emphasis is placed on the development of a new class of onedimensional composite circular sector-type acoustic metamaterials with tunable effective densities, which can be tailored to have increasing or decreasing variation along the material volume. Due to the proposed geometry, which is more oriented toward applications involving cylindrical domains such as acoustic cloaking for example, the wave fronts introduced follow the same physics of twodimensional circular waves, such as amplitude dependence on the radial distance from the sound source. Such dependence introduces more complexity in calculating the acousticelectrical circuit analogy manifested in the expressions of the capacitors and inductors representing the fluid domain compliance and mass, respectively, which to the authors' knowledge has not been treated yet. A piezoelectric sector element coupled with a circular sector acoustic cavity is introduced to form a homogenized periodically structured sector-shaped acoustic metamaterial. The effective dynamic density is controlled using the piezoelectric ingredient in the composite structure. A detailed theoretical analysis is introduced to present a lumped-parameter model of the developed metamaterial. Acoustic-electrical circuit analogy is used to model the cavity characteristics, as this approach has proven to be effective, provided the overall dimensions of the cavity are much smaller than the wavelengths of the acoustic waves passing through. A set of cascading "cells" of the developed metamaterial cell is also introduced showing the capability of such configuration to control the densities along the path of the wave propagation. In addition, the necessary precautions to eliminate the instabilities are introduced. These instabilities occur in the piezoelectric element due to the active control that might exceed the buckling limit leading to entire damage in the integrity of the composite metamaterial structure.
II. ELECTRIC ANALOGY OF CIRCULAR SECTOR ACOUSTIC CAVITIES
In order to derive the acoustic-electric circuit analogy to circular sector acoustic cavities, a brief summary of the acoustic-electric straight cavity is introduced. Euler and continuity equations are presented, which are later implemented in modified form to capture the divergence effect of the cavity cross section on the wave equation in sector acoustic cavities.
A. Straight cavity
A straight acoustic cavity with uniform cross-sectional area A st and length l f , subject to acoustic pressure drop Dp resulting in volumetric flow rate dQ, is considered. The fluid considered inside the cavity is characterized with static fluid density q f and bulk modulus B f . The value of dQ depends on three major forces; inertia forces due to the mass of the fluid inside the cavity, elastic forces due to the "stiffness" of the entrapped fluid volume, and finally friction and damping forces, which are ignored in the current analysis.
Inertia forces
Newton's second law necessitates that the net force due to the pressure difference Dp equals the rate of change of fluid momentum as given by
where v is the particle velocity. For a uniform velocity along the cavity length, dQ=dt ¼ A st ðdv=dtÞ, the inertial impedance of the straight cavity after Laplace transformation is given by
Elastic forces
The second type of forces is due to the stiffness of the fluid domain. A pressure drop of Dp across the cavity will cause the fluid to be "strained" due to change in its volume Vol by an amount of d(Vol) such that e V ¼ Àd(Vol)/Vol, and as the bulk modulus B f is defined as the difference in pressure, which yields a unit volume strain,
Hence, and applying Laplace transformation to Dp, the elastic and total impedance for the straight acoustic cavity Z CF and Z t are calculated as
B. Circular sector acoustic cavity A sector of the fluid domain with point source and acoustic pressure wave propagating in the radial direction is as shown in Fig. 1(a) . The sector cavity shown, expands from r ¼ r 1 to r ¼ r 2 , which includes a central angle c. A slice of thickness dr is considered for force balance and mass flow rate calculations.
Inertia forces
Considering the infinitesimal slice of thickness dr in the sector cavity, Newton's second law necessitates that AðrÞdp ¼ q f AðrÞðdv=dtÞdr, where A(r) ¼ cHr, H is the cavity depth. As dQ=dt ¼ AðrÞðdv=dtÞ and integrating (r 1 ! r 2 ), the inertial impedance term is defined as
where in the limit case (c ! 0), Z LF reduces to the form for straight cavity (lim c!0 Z LF ðsÞ ¼ sðq f ðr 2 À r 1 Þ=Hb 1 Þ), where b 1 is the chord lengths of the inner circular sector.
Elastic forces
For sector cavity, a different approach is implemented in order to calculate the effect of the elastic forces on the acoustic cavity as follows:
where F is the elastic force inside the sector cavity and DPE is the change in potential energy. Rewriting Eq. (6) such that
AðrÞTdr ¼ DpDVol, where A(r) is the cross-sectional area of the sector cavity at radius r, T is the normal stress, Dp is the pressure difference across the sector cavity, and substituting for T with S=S E , where S is the mechanical strain and s E is the mechanical compliance, dividing by DVol inside the integral and completing the integration while replacing 1/s E with fluid bulk modulus B f results in
from which the elastic and total impedances Z CF and Z t , as shown in Fig. 1(b) are calculated as
C. Dynamic density for sector acoustic cavity
Combining both the "inertia" and stiffness impedances and substituting B
For very small cavities, ðr 2 =r 1 ¼ 1 þ a; a ( 1Þ and defining Q ¼ A Ave Â and q eff : Dp=l f ¼ Àq eff ðdv=dtÞ , the relative density of the acoustic cavity is defined as
which, for a straight cavity, would converge to the form given by Baz. Considering a sector acoustic cavity coupled to a flexible diaphragm as shown in Fig. 2(a) with its analogous lumped parameter electric circuit shown in Fig. 2(b) , the flexible diaphragm, coupled with the acoustic sector cavity, represents a composite material that consists of two components characterized with different densities (q f , q d ), bulk moduli (B f , B d ), and thicknesses (l f ¼ r 2 À r 1 , l d ¼ r 3 À r 2 ) for the fluid and flexible diaphragms, respectively. Applying electrical circuit analogy to the acoustic cavity, the overall circuit impedance (Z t ) is calculated by summing up the different impedances representing the different inductors and capacitors in the circuit as follows: Substituting Eqs. (12)- (15) into Eq. (16) and rearranging, results in the acoustic impedance Z t for the two-material composite cavity system as follows:
Referring and applying Laplace transformation, the effective dynamic density of the composite domain q eff is eventually defined as
Equation (18) reveals that the effective dynamic density for the composite material is negative and approaches that of the fluid domain at higher frequencies as shown in Fig. 3 , where the fluid domain modeled was water (q f ¼ 1000 kg/m 9 Pa), which is typical behavior as reported by Baz. 26 Due to the dependence of the effective dynamic density, for such composite system, on the effective bulk modulus of the two-material homogenized system, it is targeted to develop a methodology of varying the bulk modulus of the flexible diaphragm in order to yield a "programmable" effective density of the homogenized system that can assume any prescribed value over a wide frequency range.
E. Dynamic density for sector acoustic cavity coupled with piezoelectric diaphragm
Consider the sector acoustic cavity coupled with a flexible diaphragm shown in Fig. 2(a) , where the flexible diaphragm is replaced with a piezoelectric one. The basic constitutive equation for a piezoelectric material is given by
where
, and e ¼ permittivity of piezoelectric material. Equation (19) can be rewritten as
where DVol ¼ change in diaphragm volume, q ¼ electrical charge, Dp p and V p are the acoustic pressure and voltage difference across the piezoelectric diaphragm. A similar derivation was presented by Prasad et al. 28 However, in the current derivation the electrical free capacitance of the piezoelectric material Z p presented by Prasad et al. is replaced with an equivalent circuit that comprises the capacitance of the piezoelectric diaphragm C p combined with in-parallel inductance L p and in-series capacitance C s to allow for stability measures of the active element as will be demonstrated later,
Calculation of C p
To calculate the value for C p , the electric field E across the piezoelectric sector element must be calculated. Hence, a Gaussian cylinder of radius r and thickness H is constructed ð Þ E dA ¼ E Þ dAÞ. The ends of the cylinder are normal to the field and do not contribute to the integral. The only part that contributes to the electric field is the sector confined by the angle c, which area is calculated as Þ dA ¼ crH. As the integral form of Gauss law is defined as Þ E dA ¼ P q=e, where P q (or simply q) is the total charge on the curved sector element (q ¼ eEcrH), moving a positive test charge between the sector boundary surfaces, ranging from inner radius r 2 to outer radius r 3 , requires applied work equal to the change in the electric potential energy DEPE ¼
ðq=ecrHÞdr ¼ ðq=ecrHÞ ln ðr 3 =r 2 Þ, is the potential difference between the two piezoelectric sector sides, yielding an expression for C p ¼ ecH= ln ðr 3 =r 2 Þ.
Calculation of C D and d A
To calculate the value for C D and d A as in Eq. (20), the effect of the electric-mechanical coupling in the piezoelectric materials on the total potential energy stored in the piezoelectric sector element is calculated using Eq. (6), where, F in this case is the elastic force inside the sector cavity due to both the mechanical strain and the electrical field and DPE is the change in potential energy such that Ð r 2 r 1
AðrÞTdr ¼ DpDVol. Using the expression for the total stress inside the piezoelectric sector T ¼ (S À dE)/s E extracted from Eq. (19) and replacing s E with 1/B d (bulk modulus of piezoelectric sector diaphragm), the acoustic pressure difference across the sector is calculated as
Integrating Eq. (22) yields an expression for
Þ. The electrical circuit analogous to the coupled fluidpiezoelectric sector cavities is hence as illustrated in Fig. 4 . The parameter / ¼ Àd A /C D /, also called the transformer turns ratio in the equivalent circuit representation, is the electroacoustic transduction coefficient.
Using the piezoelectric diaphragm as a self-sensing actuator, then the second row of Eq. (20) gives, for a shortcircuit piezosensor, the electric charges in the piezoelectric diaphragm q ¼ d A Dp p . In which case, the voltage V p applied to the diaphragm can be generated by a direct feedback of the charge q such that V p ¼ ÀGd A Dp p , where G ¼ feedback gain. Then, the first row of Eq. (20) yields
where C DC ¼ closed-loop compliance of the piezoelectric diaphragm. Figure 5 displays the corresponding electrical circuit analogous of the acoustic cavity integrated with a closed-loop piezoelectric diaphragm characterized with overall impedance given by
Recalling the identities defined in Eqs. (12)- (15), and noting that B p ¼ ðHcl 2 d =C DC Þ ln r 3 =r 2 , the total impedance Z t and the effective density q eff of the coupled composite sector cavity may be expressed as
A numerical simulation of a sector-shaped composite cavity using the developed model is developed and the frequency dependent piezoelectric bulk modulus B p , feedback control gain G and resultant effective density q eff for the composite system for target relative density values (q r ¼ q eff /q f ¼ 20) and (q r ¼ 0.05) are presented in Fig. 6 , which were developed using the values listed in Table I and specific values of C s ¼ 5 Â 10 À10 Farad and L P ¼ 0.02 H. It is important, however, to optimize the values of C s and L p to obtain the largest bandwidth with feasible control gain values. Hence, a sensitivity analysis is needed to determine the stability bandwidth of the piezodiaphragm without reaching a bucking state of the diaphragm material due to the applied control voltage.
III. CASCADING COMPOSITE CAVITIES WITH VARIOUS PROGRAMMABLE DENSITIES
In the previous section, a single cavity coupled with a piezoelectric diaphragm was considered. The effective dynamic density of the composite domain was proven to be controllable by varying the dynamic bulk modulus of the piezoelectric diaphragm to yield a frequency-dependent dynamic density as required. In order to expand the applicability of the introduced methodology, a set of cascading and coupled composite metamaterial cells are modeled such that each is programmed to yield different dynamic density value. This setup is very important in the path to realize phenomena such as acoustic cloaking, where fluid layers circumscribing a solid cylinder, for example, can yield the cloaking phenomenon, provided that their densities and bulk modulus take a prescribed set of values as demonstrated by Cheng et al. 29 . The schematic presentation of the cascading cavity cells and the corresponding analogous electric circuits are as shown in Fig. 7 . In this system, the last cell represents the cell subject to external pressure excitation, while the first one is the end of the chain of the cascading cells. Due to the coupling nature of the cells, a recursive solution pattern has to be adopted in order to calculate the different values of the control gains G (i) needed to alter the effective bulk modulus of the piezoelectric diaphragms coupled to each cell B p(i) to ensure a prescribed set of effective densities within the cascading coupled cells.
The recursive approach starts with the first cell, which is coupled from one side only to the rest of the metamaterial domain. Using the electrical analogy, the overall impedance Z (1) of this cell can be calculated as a function of the piezoelectric diaphragm Bulk modulus B p(1) and the required effective density q eff (1) , as given by Eqs. (27) and (28) . Once calculated, this impedance is shunted to the circuit representing the rest of the chain. Hence the second cell, loaded with the impedance of the first cell, is now the end of the chain, and is coupled to the rest of the cells from one side only. Again using the electrical analogy, the overall impedance Z (2) of the first two cells can be calculated as a function of the piezoelectric diaphragm bulk modulus B p (2) and the required density ratio for this cell q eff (2) . Following the same logic, the gains G (i) for the different cells that would yield the prescribed set of effective density values can be obtained. The impedance of the ith cell and consequently the effective density and the bulk modulus of the piezoelectric diaphragm for the ith cell are hence given by Figure 9 illustrates a contour plot for the resonance frequency of the electrical components of the acoustic metamaterial as a function of C s and L p . In the design process, this frequency has to be taken into consideration to select the values of C s and L p connected to C p to resonate at a frequency away from the targeted operating bandwidth. However, one should be cautious reducing the values of L p and C s as this significantly affects the control voltage needed, especially at lower frequencies. Figure 10 shows the effect of L p on V P . C s has shown no significant effect on the control voltage needed to achieve a targeted relative density.
V. CONCLUSIONS
A new class of one-dimensional acoustic metamaterial with controllable density, developed in cylindrical coordinate system is presented. The proposed metamaterial is designed to take a circular sector shape to allow for coupling and/or integrating with irregular shaped objects. The effective density of the composite metamaterial has been theoretically proven to be controllable and thus any required value of the effective density can be achieved along a very wide frequency spectrum. The theoretical analysis of this class of active acoustic metamaterials is presented for an array of water cavities separated by piezoelectric boundaries using a lumped-parameter modeling approach. The same model is also applied for a set of cascading coupled cells. A sensitivity and stability analysis is conducted to optimize the piezoelectric electric parameters to prevent the instability that might occur due to the applied control voltage. A natural extension of this work is to include active control capabilities to tailor the bulk modulus distribution of the proposed metamaterial configuration.
